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Abstract

Fix the standard n-cycle s = (12 - - n), and repeatedly replace an n-cycle ¢ by its conjugate
D(q) = qgsqt. The cycle s is the unique fixed point of D; the n-cycles that eventually reach
it under iteration form a tree feeding into s, and we determine the depth of that tree — the
number of steps the slowest of these cycles needs.

The depth depends only on the factorization of n. It equals 1 unless 8 | n or p? | n for an
odd prime p (the Hull-Dobell threshold); for n = p® it is p¢~! for odd p and 2¢~1 — 1 for p = 2,
and for general n it is the largest of these over the prime-power factors.

The proof turns conjugation, near s, into base-p arithmetic. In a “carry” coordinate an
n-cycle becomes a base permutation together with a vector of carries in Z/p, and D acts on
the carries by an explicit affine map — the carrying of ordinary base-p addition. The heart is
the prime-power case n = p°¢, where three things then happen: the cycles feeding s are exactly
the n-cycles in a classical group (the permutations preserving a binomial flag, whose Sylow
p-subgroup is Kaloujnine’s iterated wreath product); their deepest chains lie in a “root fibre”
on which D is a linear cellular automaton; and the depth is the nilpotency length of the shift
difference I — S — exactly it for odd p, one less for p = 2. That single missing carry, which odd
primes absorb and p = 2 cannot, is the whole source of the two-branch answer. The Chinese
Remainder Theorem reduces general n to prime powers.

2020 MSC: 05A05, 20B30, 37P99, 11A07. Keywords: n-cycles, conjugation, functional graph,
in-tree depth, carry propagation, binomial flag, Hull-Dobell, p-Sylow subgroup.

1 Introduction

Let Sym(Z/n) be the symmetric group on Z/n = {0,1,...,n — 1}, C(n) C Sym(Z/n) the set of
n-cycles, and s = s, the standard cycle x — x + 1. The derivation is

D=D,:C(n)—C(n), D(q)=qsq ",

the conjugate of s by ¢ (equivalently, the n-cycle sending ¢(7) to ¢(i+1)). Since conjugation preserves
cycle type, D maps C(n) into itself; its unique fixed point is s (from gsq~!' = q one gets s¢~! = e).
Not every n-cycle reaches s: some fall into other periodic orbits. Those that do reach it form the
in-tree of s — the set basin,, of n-cycles ¢ with D*(q) = s for some ¢ > 0 (a tree, since each vertex

* Provenance and status. The proof below was obtained by artificial-intelligence models (Anthropic’s Claude) in
interactive dialogue with the author, and reviewed module by module by OpenAl models (mostly GPT-5.5); every
intermediate claim was verified by exact finite computation over F, (Appendix A). An end-to-end verification of the
assembled whole, and human peer review, remain to be done; the argument should be examined critically before
being relied upon. This companion accompanies [10].



has one outgoing edge and no cycle other than the loop at s), with dist(¢) = min{t : D?(q) = s}.
This note computes the depth of that tree, depth(n) = max;cbasin, dist(q).

Theorem 1.1 (Main theorem). For a prime p and e > 1,

pet, p odd,
28_1 - 17 p= 27

depth(p©) = {
and for general n = [, p®, depth(n) = max, depth(p®). In particular depth(n) =1 unless 8 | n
or p? | n for some odd prime p.

The threshold “8 | n or p? | n (odd p)” is exactly the Hull-Dobell criterion [1] for the existence
of a full-period non-translation affine map x +— ax+b on Z/n — the criterion underlying full-period
linear congruential generators [2] and single-cycle T-functions [3]. This is no coincidence: the affine
n-cycles occupy the top two layers of the in-tree, and D collapses the multiplier a to 1 in one step,
so the tree is deep precisely when non-translation affine cycles exist. The exact depth, and its
two-branch form, come from the finer arithmetic of carries in base p.

The idea, in words. Conjugation by s is intricate on all of C'(n), but near the fixed point it
becomes transparent. Fix n = p® (the Chinese Remainder Theorem, §6, then assembles general n).
The cycles that can reach s all commute with g = speil; such a cycle splits into a coarse “base”
permutation on p°~! blocks and a vector of carries in Z/p recording how it shifts within the blocks,
and D transforms the carries by an explicit affine map — the very carrying of base-p addition (§2).

This one change of coordinates has three consequences, one per section, which together compute
the depth:

conjugation on C'(p®) (§2) — Dbasin = a classical group (§3)
— depth = nilpotency height (§4) — a carry cascade (§5).

More precisely:

(a) the in-tree of s at level p* consists of exactly the n-cycles in the group of triangular permu-
tations for the binomial flag ¢; = (]) — an iterated affine (wreath) tower whose p-part is the
p-Sylow subgroup of Sy« (§3);

(b) on the “root fibre” the carry map is the shift difference I — S, nilpotent of index d = p®~!; a
cycle’s distance to s splits as its base-distance plus the nilpotency height of the carry it enters
with (§4), reducing the depth to one linear-algebra statement, (L2);

(¢) (L2) holds because a chain of functionals transported along the tree first fails to close up
only at step d — 2 (the obstruction law, §5), with a single “deviation” at odd primes that an
identity about rotation carries exactly compensates — and this lone carry is what makes the
answer p°~1 for odd p but one less for p = 2.

Reading guide and status. The paper is self-contained. Sections 2 (foundations) and 3 (the
flag tower) are elementary; §4 is the reduction, §5 its arithmetic core, §6 the multiplicative step.
Every proposition has been verified by exact computation over F, on small prime powers; these
certificates are collected in Appendix A and are reproducible, but form no part of the proof. As
stated in the title footnote, the argument is machine-generated and has not been refereed; the
reader should treat it critically.



2 Carry coordinates, the cocycle, and the finite calculus

Goal of this section. We install the one change of coordinates that drives everything: near the fixed
point a cycle splits into a coarse base permutation and a vector of carries in Z/p, and D acts on the
pair by an explicit affine cocycle (Lemma 2.3) — the carrying of base-p addition. We also record
the finite difference calculus attached to the binomial flag, used from §3 on. A running example
(n = 8) is threaded through §§2—4.

Throughout, p is a fixed prime. We use two consecutive levels of a p-power tower: a level
m = p* and its base ¢ = p*~! (k > 1). Each x € Z/m decomposes as © = p(x) + cf(x) with
u(z) =z mod ¢ € {0,...,c—1} and ¢(x) = |x/c|] €{0,...,p—1}.

2.1 Carry coordinates

Let g = sf, (the map z — x+con Z/m), of order p; its orbits are the fibres {r,r+c,...,r+(p—1)c},
r € Z/c. Tts centraliser in Sym(Z/m) is the wreath product Z/p 1 S.: an element commuting with
g permutes the fibres and translates inside each.

Proposition 2.1 (carry coordinates). Every 6 € Sym(Z/m) commuting with g is uniquely
O(r + jc) = 6(r) + ((j + ar) mod p)c, reZfce, j€{0,...,p—1}, (1)

with base § € Sym(Z/c) and carry a € (Z/p)°; equivalently jio 0 = o and £(0(x)) = £(z) + a,(z)
(mod p). The map 6 — (0,a) is a bijection onto Sym(Z/c) x (Z/p)°.

Proof. Commuting with ¢ means permuting the fibres (giving 0 via po @ = 0 o ) and commuting
with the Z/p-translation inside them, i.e. acting on the ¢-coordinate by a shift a, depending only
on the source fibre r. Conversely any (6, a) yields such a 6, and the constructions are inverse. [J

Proposition 2.2 (cyclicity criterion). 6§ = (0, a) is a single m-cycle iff 6 € C(c) and dorezjctr Z0
(mod p).

Proof. The projection p semiconjugates @ to 6, so a single m-cycle projects to a single c-cycle.
Assume 6 € C(c). Then 6° fixes each fibre and acts there by the translation by T := Y a,
(accumulating the fibre increments once around the base c-cycle; the sum runs over all of Z/c,
independent of the starting fibre), so ¢ = g7 on each fibre. Since 0 is a c-cycle, the f-orbit of any
point projects onto all of Z/c, hence meets every fibre; so € is a single m-cycle iff 6¢ is a single
p-cycle on one fibre, i.e. iff T' 0. O

We write ¢ = (7,a), 7 € C(c), a = b(q) € (Z/p)°¢ for an m-cycle in these coordinates, and
F®) = {g € C(m) : ¢ commutes with g} for the domain of (1) inside C(m).

Running example (n = 8). Take p = 2, top level m = 8, base ¢ = 4; the fibres of g =
s¢ (the map x +— z + 4) are {0,4},{1,5},{2,6},{3,7}, indexed r = 0,1,2,3. The 8-cycle ¢ =
(5,6,3,4,1,2,7,0) reads in these coordinates as base 7 = s4 and carry a = (1,1,0,1); Ya =1 #0
confirms it is a single cycle (Prop. 2.2). The fixed point is s = (s4,€3) = (s4,(0,0,0,1)). One step
of the cocycle (2), with (Ls,a),» = a,v — a,v—1 and wg, = ep, sends the carry to (1,0,1,1): a single
step of D is a single step of base-2 carrying, the base s4 left unchanged. We follow this g to s in §4.



2.2 The cocycle

Carries and functionals live in (Z/p)¢ = IF%/ “ e; denotes the i-th standard basis vector (indicator

of i € Z/c), and all carry indices are read modulo c¢. Write ¥a = )" a, and (x, a) = >, x(z)as
Lemma 2.3 (cocycle). For q = (1,a) € F*®) | D,,(q) = (Der, Lra +w,) where
(Lra)y = ayui1 — ay (uw=71"1("), index v+ 1 mod ¢), Wr = €r(c—1)- (2)

Dually, for every ¢: Z/c — Fp, (¢, Lra + wr) = (A(poT1), a) + ¢(7(c — 1)), where (Ax)(v) =
X(v—1) = x(v). Consequently ¥(Lra+w;) =1, ImL, ={¥ =0}, and ker L, =F,1.

Proof. Use the defining identity D.,(q)(q(z)) = q(z + 1). Write y = ¢(x): then u(y) = 7(u(x)) and

Uy) = Ux) + ap@). On Z/m, p(x + 1) = sc(u(x)), so @w(Dm(q)(y)) = 7(sc(u(x))) = Det(u(y)):
the base is D.7. For the carry, £(q(2)) = £(2) + a,() and £(z + (x) + [u(a:) =c—1], so

1) =
with u = p(z), ' = p(y) = 7(u), b(Dma)r = {(Dm(q)(y)) — L(y) = aut1 — au + [u = ¢ — 1],
i.e. (2) with w; = e;(_1). For the dual form, put ¢ = ¢ o7 and change the Summation index

from ' to u = 77H(r"): Y, 0(r ) (@ut1 — au) = >, ¥(u)(aut1 — ay); summing by parts (Abel)
around Z/c, with v = uw + 1 (all indices mod c), this is >, (¥ (v — 1) — ¥(v))a, = (A%, a); and
(p, wr) = @(7(c—1)). The consequences: X(Lra) = (1, Lra) = (A(loT), a) =0 (as A1 =0) and
Yw; = 1; L, has corank 1 with kernel the constants (the only functions killed by a — ay4+1 — ay
around the c-cycle 7). O

In the language of dynamics, this exhibits D,, on F*) as a cocycle extension (skew product) of
the base map D, by the carry group (Z/p)¢: the base coordinate evolves by D., and the carry by
the affine cocycle a — L,a 4+ w; over it.

2.3 The binomial flag and the difference calculus

OnZ/D (D > 2 apower of p) set p;j(x) = (f) mod p and Vj, = spang_ (4o, - . ., pr—1); the flag-degree
deg g of g # 0 is the largest j with nonzero Newton coefficient, and its head is that coefficient.
Lemma 2.4 (difference and primitive). On Z/D: (i) for 1 < j < D, Ap; = —¢;j—1 (mod Vj_1),
so A lowers flag-degree by exactly one and Vi, = ker AP; dually the primitive raises it by one. (ii)
X has a primitive ¥, (with AV, = x, ¥, (0) = 0, ¥y (x) = —> o_; x(w)) iff Zx = 0; for the
truncated primitive of a general x, AV, = x — (Xx)eo. (iii) 1 = A(—¢1).

Proof. (i) Pascal gives p;j(v—1) — ¢;(v) = —(3’:%) for 1 <wv < D —1, and again by Pascal (;’j) =
(jfl) - (;’:;) = @;j—1(v) (mod V;_1); the wrap at v = 0 adds a multiple of (?) =0(0<j<D,
Kummer). (ii) AU, (v) = x(v) for v > 1, and at v = 0, AV, (0) = ¥, (D — 1) = x(0) — Xx.
(iii) A(=¢1)(v) = —=((v —1) —v) = 1 for v > 1; at v = 0, ¢ takes its representative values
v1(D—1)=D—1and ¢1(0) =01in {0,...,D —1}, giving —((D—1)—0) = 1— D, whichis =1 in
[, since p | D. (Throughout, integer binomial values are reduced mod p only after these differences
are formed.) O

Lemma 2.5 (Lucas, Vandermonde, Faulhaber). (i) (Lucas) ¢;(z) = []; (i’) (mod p) for base-p
digits. Hence on Z/m with base ¢, for j’ < c and 0 <t < p,

pirie(@) = o (@) (D), ep@) = op(u@), @c=0 (7)=0(0<j<m)

(ii) (Vandermonde mod p) (‘H'b) =" (¢ )( ;) for 0 <t < p. (iii) (Faulhaber) for 0 <t <p-2,
Si(0) = Ze’df 18 a polynomial of degree t + 1 and leading coefficient t% # 0 in F).
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Proof. (i) Lucas, with the digits of j' + tc being those of j' (positions 0..k — 2) and ¢ (position
k — 1); specialise. (ii) Ordinary Vandermonde is a polynomial identity in a,b, valid mod p for
t < p. (iii) S¢ = H%(Btﬂ(ﬁ) — B;+1(0)) (Bernoulli), degree t + 1, leading coefficient t%, a unit for
t+1<p—-1<p. O

3 The tower and the binomial-flag characterisation of the basin

Goal of this section. We pin down exactly which cycles reach s. The answer is clean and classical:
they are precisely the n-cycles preserving the binomial flag (Theorem 3.4), equivalently the n-cycles
of an iterated affine tower (Theorem 3.3) whose p-part is the Sylow p-subgroup of Spk. This is the
structural backbone; the depth computation of §§4-5 takes place inside it.

We now describe basin,x (the basin of s,) exactly. Recall F *) from §2, 7: F*) — C(c) the
base map 7(q) = ¢ (which by Lemma 2.3 satisfies w o D,,, = D, o), and ¢;, V}, the flag on Z/p*.
Call 7 € Sym(Z/p"¥) triangular if its pullback g — g o T preserves the flag, i.e. ¢j o7 € Vj41 for all

J-

Lemma 3.1 (the basin commutes with g). For n = p®, basing C F©): every q in the basin of s
commutes with g = s, d = p°~ 1.

Proof. F(©) = {q e C(p®) : ¢ normalises and centralises (g)}; here, since ¢ is a p®-cycle, ¢ commutes
with ¢ iff g € (¢). We show F () is closed under D-preimages; as s € F(¢) and the basin is generated
by backward steps from s, this gives the claim. Suppose D(q) € F(©) ie. g € (D(q)) = q(s)q~'; then
q gq € (s), an element of order p, so ¢ 1gq € (g) (the unique order-p subgroup of the cyclic (s)).
Thus ¢ normalises (g) = Z/p, acting by some automorphism; the resulting map (q) — Aut(Z/p)
has image of order dividing ged(p®, p — 1) = 1, so ¢ centralises g, i.e. ¢ € F(©). O

Lemma 3.2 (flag preliminaries). On Z/p* with ¢ = p*~': V. = {functions of u(x)} (dimension c,
triangular basis (@j1)jr<c), e =€, and Veyr = Ve @ Fpl.

Proof. Lemma 2.5(i): the ¢ (j° < ¢) depend only on p and (Pascal-unitriangular) span all ¢
functions of u; . = £4; and Vo1 = Ve + Fppe. O

Theorem 3.3 (tower). For k > 2, basing = {(7,b) : T € basiny-1, Xb # 0}, and basin, =
{rotations s* : ged(a,p) = 1}. Hence |basing| = (p — 1) p° ! basini—1| = (p — 1)k p " =1/ (=) ~k

Proof. basin,: the immediate (indeed only) predecessors of the fixed point s at prime level are the
p — 1 rotations s® (a # 0), since D(s%) = s and any q with D(q) = s has gsq~! = s, i.e. ¢ € (s).
(C) Let g € basin,. By Lemma 3.1, ¢ € F®) 5o (1) applies and ¥b(q) # 0 (Proposition 2.2);
and 7(q) € basin, k-1 since 7 semiconjugates D,, to D, (Lemma 2.3).
(2) Let ¢ = (7,b) with 7 € basinx-1 and %b # 0; then ¢ € C(p¥). Let m' = dist(7). By
equivariance (D" q) = D™ 7 = s., so D™ q lies in the root fibre R = 7~ '(s.); and on R, D is a
nilpotent-affine map reaching s in finitely many further steps (Lemma 4.1 below, with < ¢ steps).

Hence g € basin.
Cardinal: over each 7 the admissible carries number p¢ — p~! = (p — 1)p®!; unroll from
|basin,| = p — 1 using S-F_ pi~1 = (¥ —1)/(p — 1). O

Theorem 3.4 (flag characterisation). For every k > 1, basing = {r € C(p*) : 7 triangular}.
Moreover the pullback by T € basin, is unipotent on the flag: it fives each quotient Vi, y1/Vy = F,
up to a nonzero scalar.



Proof. Induction on k. k = 1: on Z/p, V), = {polynomials of degree < h}, so triangular <
@1 o7 = 7 affine; an affine p-cycle has a = 1 (no fixed point), a rotation; and basin, = {rotations}
(Theorem 3.3).

(C) (montée). Let 7 € basingk; by Theorem 3.3, 7 = (7,b) with 7 € basin,s-1 triangular
(induction). Fix j = j’' +tc¢, j/ < ¢, t < p. By Lemma 2.5(i), ¢; = (¢ o p) - ((;) o £); using
porT=7Topand for =/ +bo pu, and Vandermonde (Lemma 2.5(ii)),

t

pior=> [(eyor)- (Z)]w - (-

=0

A summand g(u) (f) (g on Z/c) has flag-degree degy g + ic (expand g and use Lemma 2.5(i)). For
i<t:<(c—1)+(t—1)c=tc—1<j+1, whatever 7. For i = t: (8) =1and degy(pjo7) < j
(induction), so < j' +tc = j. Hence ;o1 € Vjq1.

(D) (descente). Let 7 € C(p”) be triangular. It preserves V. = {functions of x} (Lemma 3.2),
so p o7 depends only on p: there is 7 € Sym(Z/c) with po 7 = 7 o u, a bijection (it permutes the
fibres), transitive (quotient of (7)) hence a c-cycle, and triangular at level ¢ (restrict the pullback
to V¢); by induction 7 € baSinpk—l. Next . =¢and p.oT € Vey1 = Ve ®Fyl give Lo = Aop+ A1
with A: Z/c — F, and a scalar A. Then {(7(xz +¢)) = A(u(z)) + A(l(x) + 1) = £(7(x)) + A while
w(t(z + ) = p(r(x)), ie. 7(x +¢) = 7(x) + A¢, so Tg = g™ with g = (z — z + ¢) of order p.
If A\ =0, 7 is not injective; so A € F and 7 normalises (g), acting by A € Aut(Z/p); the map
() — F, has image of order dividing ged(pF,p—1) =1, 50 A = 1. Then 7 € F* with carry
b(r) = A, and LA # 0 (cyclicity); with 7 € basin,s—1, Theorem 3.3 gives 7 € basin,.

Unipotence. The pullback by a triangular 7 is a flag-preserving linear automorphism, upper
triangular in a flag-adapted basis; its diagonal entries A, are units (invertibility). Its inverse
(pullback by 771) is again flag-preserving, so 7! is triangular — the triangular permutations form
a group. [

Corollary 3.5 (triangular group; carry inversion). The triangular permutations of Z/p* form a
group Ty, the iterated affine tower (17— T with T € Ty, LoT = Ao+ M, A free, N € F), with
|Tk| = (p— 1)"“‘p(”k_1)/(”_1) whose p-part is [Syl,(S,r)| (T} is the iterated wreath product of Kalouj-
nine [4]); exactly a fraction 1/p* of them are p-cycles, whence |basin,x| = Ty |/p* (Theorem 3.3).

Moreover, for T € basin, £o 7 =04 Brop with Br = —b(t)o7 L and por=t =7"1op.

Proof. The tower description is the descente of Theorem 3.4 without cyclicity; the count is im-
mediate, and comparison with |basingk| (Theorem 3.3) gives the ratio p~*. Inversion: from

U(7(x)) = 0(2)+b(T) u(z) set y = 7(x) to get £(T1y) = L(y) =b(T)7-1(u(y)); and por ™t =77 lop. O

Running example (n = 8), the basin. At p¥ = 8 the tower gives |T3| = 27 = 128 = [Syl,(Ss)|,
of which the fraction 1/8 are 8-cycles, so |basing| = 16. Our ¢ = (s4,(1,1,0,1)) is one of them: it
preserves the binomial flag on Z/8, its base sy lies in basing, and ¥a # 0 (Theorem 3.3).

4 The root fibre, and the reduction to a linear-algebra statement

Goal of this section. Inside the basin, the deepest chains live over the base fixed point sg4, on the
root fibre, where D is a single linear map — the shift difference I — S, nilpotent of index d. A
cycle’s distance to s then splits as its base-distance plus a nilpotency height ((3)), which reduces
the whole depth question to one linear-algebra statement, (L2), provable from a single arithmetic
input MI (deferred to §5).



From here we fix the level n = p° (e > 2), base d = p°~!, sub-base ¢ = p°~2; carries live in (Z/p)?,

functionals on Z/d. For 7 € basing, m = dist(7) and the base path is 7 =79 — -+ = 7, = s4.
The root fibre is R = 7~ 1(s4). For q = (7,a) the forward carries are ag = a, a;41 = Lr,a; +w,; the
affine composite over the m steps is ®,(a) = M;a + v, M; = L -+ Ly, and

Tm—1"
Sol(t) ={a: ®;(a)=eq-1} ={a: D} (r,a) = s}.
Write S for the shift (Sa), =a,—1and N =1—S,and p=d (podd), d—1 (p=2).

Lemma 4.1 (root fibre is linear; lower bound). On R the cocycle is the affine map a — Na + eq
with unique fized point eq_1; in the recentred coordinate & = a — eq_1 it is the linear map a — Na,
nilpotent of index d (a single Jordan block), with ITm N* = {v : (pj, v) =0, j < h} and a vector of
Im N" of N-height < d — h. Consequently, for q with base T at distance m,

dist(g) = m + height (®-(a) — e4_1). (3)

The whole fibre R is a single in-tree of O of height d, and depth(p®) > p: R contains an admissible
carry of height exactly p.

Proof. For 7 = s4: (Lsya)y = ap — a1 = (Na) and ws, = ez 4—1) = €o (Lemma 2.3). The
fixed point solves Na + ey = a, i.e. Sa = ey, a = e4_1; and N(a —eq—1) = Na — (eq—1 — €g) =
(Na+ep)—eq_1,50 @ Na. Over Fp, S = I and X?—1 = (X —1)¢ (d a p-power), so N is nilpotent
of index d, one Jordan block; and since A lowers flag-degree by exactly one with V}, = ker A®
(Lemma 2.4), the same holds for N (they share the flag), giving Im N* = {v : (p;, v) =0, j < h}
(dimension d — h) and the height bound; (3) follows since D™ (q) € R has recentred carry acted on
by N.

The map a — Na is the additive cellular automaton of rule 1 —x on the cyclic lattice Z/d (“rule
60" at p = 2); as d = p®~! is a p-power and the rule shares the single factor z — 1 with ¢ —1=
(x —1)%, this is the purely nilpotent case of Martin-Odlyzko-Wolfram [6] (their Theorem 4.3, with
Dy(d) = d and multiplicity X = 1, gives in-tree height [D,(d)/X| = d): all of R is one in-tree of
0 of height d. It remains to locate the deepest admissible carry (those a = a + e4_1 with ¥a # 0).
For p odd a height-d vector can be taken admissible, so depth > d = p; for p = 2 the admissibility
constraint excludes the top height d but a height-(d—1) carry is admissible (e.g. a = (1,1,0,...,0)),
so depth >d —1=p. O

Running example (n = 8), the deepest chain. Here d =4, c=2,p=d—-1=3. Our
q = (54,(1,1,0,1)) has base sy, so it lies in the root fibre R = 77 1(s4); recentred, @ = a — e3 =
(1,1,0,0), with Na = (1,0,1,0), N%a = (1,1,1,1), N3a = 0: N-height 3. By (3) (base-distance
m = 0) dist(q) = 3, realised by the carry chain
D D D . 9
(1,1,0,1) — (1,0,1,1) — (1,1,1,0) — (0,0,0,1) = es, ie. ¢ = Dqg— D°q — s.

The top height d = 4 is unreachable by an admissible carry (a height-4 vector has ¥.a = 1, forcing
Ya = Ya+1=0), so 3 is the deepest admissible height, and ¢ realises depth(8) =3 =2¢"! — 1.

Remark 4.2. The height-d nilpotency above is the additive-cellular-automaton result of [6]; our
contribution at this level is only the admissibility refinement (the “—1” at p = 2, forced by single-
cycleness), and, upstream, the reduction of the permutation dynamics D(q) = gsq~! to this
automaton on R.



4.1 The adjoint, the rank, and rigidity
Lemma 4.3 (adjoint). Ly = A(poT); and for T € basing, degy Lip < degyp — 1.

Proof. The dual cocycle (Lemma 2.3) minus the constant (p, w.) = ¢(7(d — 1)) gives (p, Lra) =
(A(porT),a). For 7 € basing, (F) (Theorem 3.4) gives degy (¢ o 7) < degyp, and A lowers
flag-degree by one (Lemma 2.4). O

Proposition 4.4 (rank, image, rigidity). rank M, =d —m, ImM,; = Im N, Im M* = V;_,,. As
m < depth(d) < d, we have 1 = g € Vy_p, = (ker M,)*, 50 Slyerar, = 0: X is constant on Sol(7)
whenever nonempty (rigidity ).

Proof. M = L} ---L;  composes m maps each lowering flag-degree by > 1 (Lemma 4.3), so
degy M p; < j—m; thus M*¢; =0 for j < m and (pj, Mra) =0 for all a, i.e. Im M, C Im N™
(dimension d — m). Each L, has corank 1 (Lemma 2.3), so rank M, > d — m; equality follows,
and Im M, = Im N™. Dually Im M* has dimension d — m and lies in V;_,, by the degree bound,
so equals it. Finally ¢o € Vy_,, = (ker M)+ (as m < d), so ¥ kills ker M, and is constant on the

coset Sol(7). O

4.2 Transport and the closed form

Lemma 4.5 (transport). Set yo = 7'61 and, when x; is zero-mean, Xi41 = ¥,, o T;_ll. Then
(Xi> @iv1) = (Xi+1, air2) — Uy, (d = 1).

Proof. Apply the dual cocycle at step i+1 with ¢ = Uy, OTi;11 (so poTip1 = Uy, AlpoTiy1) = Xi):
(@5 air2) = (Xis @it1) + Uy, (d = 1). o

Proposition 4.6 (closed form). If xo,...,Xm—2 are all zero-mean, the constant value of ¥ on
Sol(7) (Proposition 4.4) is

m—2
V(T)=~Xm-1(d—1)+ Y U, (d—1)—1. (4)

i=0
Proof. Tterate Lemma 4.5 from Ya = —(xo, a1) — 1 (Lemma 2.4(iii) and the dual cocycle with
p=—%1° T()_l); for a € SOI(T)v am = €4—1, SO <Xm—1; am> = Xm—l(d — 1) O

4.3 Geometrisation, and the reduction theorem

Definition 4.7. (L2) holds at 7 if (¢;, ®-(a) — e4—1) = 0 for all admissible a and all j < m; and,
for p = 2, the same holds at j = m for those admissible a with Ya = 1.

Proposition 4.8 (geometrisation). (L2) at 7 < Sol(1) # @ (and, for p = 2, with a representative
of sum 1).

Proof. The linear part a — (@;, Mra) vanishes for j < m since ¢; L Im M; = Im N™ (Proposi-
tion 4.4). So (L2) (j < m) is the constant condition (¢;, v; —e4—1) =0, i.e. eg—1 —v; € InN™ =
Im M., i.e. Mra = e4_1 — v, solvable, i.e. Sol(r) # &. For p = 2 the level j = m says the (constant,
by rigidity) value of ¥ on Sol(7) is 1. O

Theorem 4.9 (reduction). If (L2) holds at every T € basing, then depth(p®) = p.

Proof. For q = (7, a) with base distance m: by (L2), (¢, ®-(a)—eq—1) = 0for j < m (and j = m if
p=2,as Ya=1),50 ®,(a)—eq_1 € Im N™ (resp. Im N™ 1) of height < d—m (resp. < d—1—m)
(Lemma 4.1). By (3), dist(¢) < d = p (p odd), resp. < d—1 = p (p = 2). With the lower bound
(Lemma 4.1), equality. O



4.4 From the master identity to (12)

Corollary 4.10 (non-leaf carries sum to 1). If 7 = Dy(o) for some o € basing, then Xb(1) = 1.
Proof. b(T) = Lsb(0) + w, is a cocycle image (Lemma 2.3). O

Call MI the statement: for every T € basing the transport chain is non-obstructed and V(1) =
Yb(T) (established in §5).

Theorem 4.11 (tree lemma). MI implies Sol(1) # @ for all T € basing; hence (L2) everywhere
and depth(p®) = p.

Proof. Induction on m = dist(7), with invariant Sol(7) # @ and ¥ = Xb(7) on Sol(7) (recall
¥b(T) # 0, cyclicity). Base m = 0: Sol(sq) = {eq-1}, Xeq—1 =1 = 3b(sq). Let m > 1, 1 = Dyr;
put P={a: L.a+ w; € Sol(m1)}.
(a) P # @: the affine step is onto {¥ = 1} (Lemma 2.3), and Sol(r;) C {¥ = 1} since 71 is
non-leaf, so ¥b(71) = 1 (Corollary 4.10) and (induction) 3 =1 on Sol(7y).
(b) ¥ = Xb(1) on P: for a € P, ay = €41, so Proposition 4.6 (chain non-obstructed by MI)
gives ¥a = V(1) = 3b(7) (by MI).
(c) Admissibility: Xb(T) # 0, so every a € P has Ya # 0, hence (7,a) € C(n) and a € Sol(7).
Thus Sol(7) = P # @.
Then (L2) everywhere (Proposition 4.8; for p = 2, ¥b(7) # 0 in Fy is ¥ = 1), and Theorem 4.9
concludes. O

By Theorem 4.11 it remains to prove MI: the transport chain is non-obstructed on basing, and
V(1) = Xb(7). This is the content of §5.

5 The obstruction law and the compensation

Goal of this section. This proves MI, the one arithmetic fact left open in §4. Transporting a chain
of functionals along the base path, it first fails to close up at step exactly d — 2 (the obstruction
law), and the resulting invariant V' (7) equals Xb(7) (the master identity). This is where the odd-p
vs p = 2 dichotomy is finally pinned to a single carry.

The transport chain xo = 7, L i = vy, 07;11 is defined as long as the y; are zero-mean; call
Ob(7) = min{i : ¥x; # 0} (extending the base path stationarily at sg), and Ob(d) = min,; Ob(7).

5.1 The graded module

Decompose each x: Z/d — F, as x(z) = Z?;é i(u(x)) €(z)? with f;: Z/c — F, (Vandermonde
on the p values of £); write deg, x = max{j : f; # 0} and A; =", f;(r).

Lemma 5.1 (graded calculus). (i) Xz/gx = —Ap-1 (the mean sees only the top (-degree). (ii)
If degy x = 7 < p — 2 with top component f;, the primitive ¥, has I _component kjA;1 with
Kj = —j% # 0; and, when Aj = 0 (equivalently degy f; < ¢ — 2, since Aj = head of f; times
[degv f; = ¢ — 1] by Lucas), the 03 -component is the truncated r-primitive of fj, of flag-degree
degy fj +1 < c—1 with head equal to that of f;, plus strictly lower flag-degree. (iii) Composition
by 771 (1 € basing) maps {-degree j to < j (strictly lower only for the below-top parts), acting
on the top component by the flag-preserving pullback f; — f; o 771 (head times a nonzero scalar,
Theorem 3.4).



Proof. (i) Xx = ZjAjZZEj; Zf;éﬁj =0for0<j<p-—2and =—-1forj=p-—1 (i)
Split Wy (r + cl) = =5 o3 Sy fe(P)OY) = 30, >, fe(r)eY; the first sum is — Y, A:S(C)
(Faulhaber), top part ¢t = j contributing 03+ coefficient —j%Aj; when A; = 0 the ¢/-part is
the r-primitive of f; (head climbs one flag-degree, Lemma 2.4), the remaining Faulhaber terms

being constants in 7 at lower ¢-degree. (iii) £ o 771 = £+ B, o u (Corollary 3.5) gives £7 o 77! =
doi<i (1) (Br o p)? =", of (-degree < j with top coefficient 1; and fj(p) o7t = (fjo7 1) (n). O

5.2 The obstruction law

Theorem 5.2 (obstruction law). For every prime power d = p* and every T € basing, Ob(1) =
d—2; in particular the chain is non-obstructed for all steps < d—2, hence (as dist(7) < depth(d) <
d—1) for all steps up to dist(7) — 2.

Proof. Induction on k. k=1 (d=p, c=1): xo = 3;3 is an affine (degree-1) function of ¢ = x;
each primitive raises the polynomial degree by one (Lemma 5.1(ii), ¢ = 1) and composition by a
rotation preserves degrees, so deg, x; = @ + 1; by (i) the chain is zero-mean until the top degree
reaches p — 1, first obstructed at i =p —2=d — 2.

Heredity (d = pc): we track the graded decomposition. No wupward pollution: by
¢! only when A; # 0; a component of degree ¢ < j thus reaches at most t +1 < j < j+ 1, so only
the current top degree j, and only when A; # 0, seeds j+ 1. Stage 0: while fi =--- = f,_1 =0, fo
is the sub-level chain (pullback), whose mean Ay = X, fy first becomes nonzero at ¢ = Ob(c) = ¢—2
(induction); this seeds degree 1, first present at step t; = ¢ — 1. Stage j (1 < j < p—1): once
seeded (top component f; with head ¢g), while A; = 0 the head climbs the Z/c flag by one per
head reaches ¢._1, at s = ¢ — 1 steps, i.e. step t; + ¢ — 1, where it seeds j+ 1 (if j <p—2, k; # 0):
tji+1 =tj +c. Count: t; = c—1, tj41 = tj + ¢, so the mean —A,_; (i) first becomes nonzero at
tpo1+(c—1)=(c—1)+p—-2)c+(c—1)=pc—2=d—2. O

In particular MI's non-obstruction clause holds: for 7 € basing, dist(7) —2 < depth(d) < d—2 =
Ob(d), s0 X0; - - - » Xdist(r)—2 are zero-mean and V(1) is defined (Proposition 4.6).

5.3 V(1) =Xb(7)
We compute Xb(7) by the level-¢ transport applied to the carry sequence, and compare to V(7).
Theorem 5.3 (master identity). V(7) = £b(7) for every T € basing.

Proof. Let X; be the sub-level chain on Z/c (from the projected base path 7;), and () = b(;) the
carries of the base path, evolving by the level-¢ cocycle gt = Lﬁﬂ(i) + ws, with Blm) — b(sq) =
ec_1. Set G; = (xs, BUTY); the level-¢ analogue of Ya = —(xo, a1) — 1 gives Xb(1) = —Go — 1.

Non-deviated case (m < ¢, or generally while the sub-level chain is zero-mean). By Theorem 5.2
at level ¢, the sub-level chain is non-obstructed for i < m —2 iff m —2 < Ob(¢) = ¢ —2, i.e. m < c.
Then each transport step is clean, G; = Gi11— ¥y, (c—1), and Xb(7) = —)‘(m_l(c—l)—l—zgl_og Wy, (c—
1) — 1 = V. Meanwhile the level-d chain is the pullback x; = ¥; o s« (the primitive of a zero-c-mean
pullback is a pullback, Lemma 5.1(ii) with A = 0; composition preserves pullbacks, Corollary 3.5),
so evaluating (4) with u(d — 1) = ¢ — 1 gives V(1) = V. Hence V(1) = Zb(7).

Deviated case (m = ¢). Now dist(7) = m = depth(d), and the sub-level chain is obstructed at
exactly the last sollicited step ¢ = ¢ — 2 (Ob(c) = ¢ —2), with T := Xcxc—2 # 0. Fori <c¢—3
the pullback persists; at ¢ = ¢ — 2, the primitive of the mean-T pullback carries a deviation:

10



Uy, =Ug ,ou—TE (from Uy, (r+cl) = Uy(r) — (Seg)¢). Composing with 7, % (Corollary 3.5),
Xe—1 = Xe—19p—Tl—=T(Be—10p). In (4) (using ¢(d—1) = p—1) the two £T'(p — 1) terms cancel,
leaving

V(r)=V+TBe1(c—1), Vi=—xXeoile—1)+ 355 Uy (c—1) — 1. (5)

On the Xb side, the level-c telescope is clean for ¢ < ¢ — 3, and at i = ¢ — 2 the raw transfer with
the mass jump AWs, , = Ye—2 — Tep (Lemma 2.4(ii)) gives, with p = Uy, 0 7.},

Gez = [Xe1(c—1) = Uy, y(c— D] + TS,

the extra +T ﬂ(()cfl) = +T b(7,_1)o being the mass-jump term evaluated against 3(¢~1). Telescoping
the clean steps into ¥b(7) = —Gp — 1,

¥b(1) =V — T b(1e—1)o0- (6)
Comparing (5), (6), MI is equivalent to Bc_1(c — 1) = —b(7.—1)o. Now 7._1 is a rotation s§ (base-

distance 1); its sub-base carry is b(s?)r = [((r + B) mod d)/c|, so by = By (writing B = B + Bjc,
1 < B < ¢), while by o177t = £+ B o p (Corollary 3.5) a direct evaluation gives B._1(c — 1) =
—B; = —bg. Hence V(1) = Xb(7) in all cases. O

Corollary 5.4 (prime-power depth). depth(p®) = p: p¢~! for p odd, 2¢~! — 1 for p = 2.

Proof. By Theorems 5.2 (non-obstruction) and 5.3, MI holds; Theorem 4.11 gives depth(p®) = p.
(Base cases e < 2, where ¢ = p°~2 < 1 is degenerate, are direct: depth(p) = 1 for p odd, depth(2) =
0, depth(p?) = p resp. depth(4) = 1, from Theorem 3.3 and the root fibre.) O

6 General n via the Chinese Remainder Theorem

Goal of this section. The prime-power computation is complete; we assemble general n. Everything
factors along coprime factors — basin, distance, hence depth — so depth(n) is simply the largest
prime-power depth.

Let n = ning with ged(ni,n2) = 1. The isomorphism Z/n = Z/ni X Z/ny (x — (z mod
ny,x mod ng)) carries S, to (Sn,, Sn,); we identify the two, write points (x1,x2), and call a permu-
tation a product g1 X g if it acts coordinatewise.

Lemma 6.1. (i) g1 xq2 € C(n) iff ¢; € C(n;); (ii) Dp(q1 X q2) = Dy, (q1) X Dy, (g2); (iii) if g € C(n)
and Dy (q) is a product, then q is a product.

Proof. (i) The orbit of (z1,z2) has size lem(¢1, ¢2), = n = lem(ny,ng) for all points iff each ¢; is a
full cycle. (ii) s, = sp, X Sn, and products conjugate coordinatewise. (iii) Let t = D,,(q) = t1 X t2
(t; € C(n;)). Then g := s* advances only the second coordinate by n; (invertible mod n2), so (g)
has the rows {a} x Z/ny as orbits; and t™ = ggq~! (as t = gsq~') while t™ = id x t;"* (since
t1 has order ny, and 152n1 is a full ny-cycle) also has the rows as orbits. Conjugation transports
orbits, so g(rows) = rows: ¢ maps each row R, onto a single row, hence the first coordinate of g(x)
depends only on ;. Symmetrically (with s,? and the columns) the second depends only on z2; so

q is a product. ]
Theorem 6.2 (multiplicativity). For coprime ni,ng2, basin, = {qg1 X ¢2 : ¢ € basin,,}
and dist(q1 X g2) = max(distqy, distge). Hence |basin,| = |basin,, ||basin,,| and depth(n) =

max(depth ny, depthng).
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Proof. (2) By Lemma 6.1(ii), D¥(q1 X g¢2) = D} (¢1) x D, (q2) = sy iff k > distqy and k > distgs.
(C) For g € basin,, with D!(q) = s, (a product), backward induction with Lemma 6.1(iii) makes
q,-..,Dt(q)all products; ¢ = g1 x g2 with ¢; € C(n;), and projecting D/ (q) = s, gives D,ﬁi (gi) = Sn,,
so g; € basin,,. The consequences are immediate. ]

Proof of Theorem 1.1. Corollary 5.4 gives depth(p®); iterating Theorem 6.2 over the coprime
prime-power factors of n gives depth(n) = max, depth(p®). The threshold statement is the obser-
vation that depth(p®) > 2 iff 8 | p¢ (i.e. p = 2, e > 3) or p? | p® with p odd (i.e. p odd, e > 2).
O

7 Discussion

Interpreting the threshold. depth(n) > 2 iff 8 | n or p? | n for an odd prime — verbatim
the Hull-Dobell condition for a full-period non-translation affine map on Z/n. The affine n-cycles
x — az + b occupy the top two layers of the in-tree (D sends such a map to s%, then to s), and are
full cycles exactly under Hull-Dobell; the tree is deep precisely when non-translation ones exist.
This is not the squarefree threshold: at n = 12 (and n = 4) the level is non-squarefree yet the tree
is shallow (depth = 1), because 4 || n without 8 | n.

A single arithmetic thread. Beneath the three structural steps lies one mechanism: near s,
the dynamics of D is the carrying of base-p addition. From this vantage the classical ingredients
the proof invokes — Hull-Dobell (full-period affine maps), Lucas and Kummer (digit carries),
Faulhaber (power sums) — are facets of a single arithmetic rather than independent tools. In the
same vein, the admissible carry maps are single-cycle T-functions in the sense of Klimov—Shamir
[3], whose transitivity is the object of Anashin’s non-Archimedean ergodic theory [5].

Related work: carries elsewhere. Carries have appeared in the combinatorics of the symmet-
ric group in different guises: as a random Markov chain equivalent to rifle shuffling, with Eulerian
eigenvalues and a Foulkes-character eigenbasis [7, 8], and as the 2-cocycle of the extension Z/bZ
measuring its non-splitting [9]. The carries here are of a different nature: a deterministic 1-cocycle
of the conjugation dynamics over F,, and the invariant of interest is a tree depth rather than a
mixing time or a cohomology class of an abelian extension.

Open questions. Two natural questions lie beyond the depth. (i) The rest of the functional
graph. D acts on all of C'(n), and the cycles that never reach s fall into other components; their
periodic orbits, and the number and sizes of the connected components of the graph of D, are not
addressed here. (i) The shape of the in-tree. We obtain |basin,| in closed form (Theorem 3.3)
but only the height of the tree; the distance profile — how many cycles sit at each distance from
s — remains open, as does whether it factors under the Chinese Remainder Theorem the way the
height does (Theorem 6.2).

Status and formalisation. As stated in the title footnote, the argument was machine-generated
and is not yet refereed. Reassuringly for a future check, all of §§2-6 is finite linear algebra over
[F,, together with elementary group theory — a natural candidate for a proof assistant. A Lean
formalisation of the cocycle, the flag characterisation, and the obstruction law would settle the
remaining status question definitively.
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A

Computer verification

Every statement was checked by exact computation over I, (Python), exhaustively at the levels
indicated; these are falsification attempts and reproducibility aids, not part of the proof. Selected
certificates:

Cocycle and carry coordinates (Lemmas 2.3, Props. 2.1, 2.2): bijection, cyclicity, w, = €r(c—1)s
dual form: 0 exceptions at (p,c) = (2,4),(3,3),(2,2).

Flag characterisation (Theorem 3.4): basin,. = {triangular cycles} as sets at pk = 4,8,9;
inclusion on all 484,440 elements of the basins of C(16),C(25), C(27); basin C F*) and the
descente identities (o7 = Aopu+ ¢, A=1, A=b(r); Lot ' =/ —bo771): 0 exceptions at
pF =8,9,25,27.

Root fibre, rank, rigidity (Lemmas 4.1, 4.3, Prop. 4.4): D|r = N recentred, Im N = moment
kernel, L* = A(- o 1), rank M; = d — m, Xlker p, = 0: 0 exceptions at n = 8,16,27. Lower
bound: root fibre reaches height p at n up to 2° = 32.

Geometrisation (Prop. 4.8) and tree lemma (Theorem 4.11): Sol(7) # @ < moments vanish,
and Sol(7) # @ for all 7 € basing: 0 exceptions at n = 8,16,27; independent certificate
depth(81) = 27 on 3661 base points of basing; (all distances), via the closed-form cocycle
only.

Obstruction law (Theorem 5.2): first obstruction at step d — 2, uniformly: p = 2: at d =
4,8,16;p=3: d=9,27;p=5: d=25,125; p="T7: d =49; p=11: d = 121 — all at the
exact step, over all/thousands of base points.

Master identity (Theorem 5.3): the graded rules, the mass jump, the carry telescope, and
V(1) = 3b(7): 0 violations on all 18 deviated paths at n = 27 and on 400-path samples at
n =281 (p=3)and n =125 (p =5).

Ezhaustive depth: depth(p®) = p confirmed by full backward search for all prime powers < 27
and for n = 49 (|basin| = 4,235,364 = 36 - 7°), and depth(2°) = 15 via the root fibre.

CRT (Theorem 6.2): products, backward closure, dist = max, multiplicativity: 0 ex-
ceptions at m = 6,12,15; and |basin,|,depth(n) against exhaustive values at n =
18,24, 36, 40, 45, 48, 50, 54, 72, 100.
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