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Abstract

Fix the standard n-cycle s = (1 2 · · · n) and let D(q) = q s q−1 act on the set of n-cycles;
s is its unique fixed point. We determine the depth of the in-tree of s in the functional graph
of D — the largest number of steps any n-cycle needs to reach s. The depth is 1 unless 8 | n
or p2 | n for an odd prime p (the Hull–Dobell threshold); in the prime-power case n = pe it
equals p e−1 for p odd and 2 e−1 − 1 for p = 2, and for general n it is the maximum of these
over the prime-power factors. The proof reduces the dynamics near s to finite linear algebra
over Fp: in a “carry” coordinate D acts by an explicit affine cocycle, the basin of s is exactly
the group of permutations preserving a binomial flag (an iterated wreath tower, the p-Sylow of
Spk), and the depth is the nilpotency index of the difference operator I −S, governed by base-p
carry propagation. The one-step gap between the two branches (pe−1 versus 2e−1 − 1) reflects
a single carry that the odd case can absorb and the even case cannot.

2020 MSC: 05A05, 20B30, 37P99, 11A07. Keywords: n-cycles, conjugation, functional graph,
in-tree depth, carry propagation, binomial flag, Hull–Dobell, p-Sylow subgroup.

1 Introduction

Let Sym(Z/n) be the symmetric group on Z/n = {0, 1, . . . , n − 1}, C(n) ⊆ Sym(Z/n) the set of
n-cycles, and s = sn the standard cycle x 7→ x+ 1. The derivation is

D = Dn : C(n) → C(n), D(q) = q s q−1,

the conjugate of s by q (equivalently, the n-cycle sending q(i) to q(i + 1)). Since conjugation
preserves cycle type, D maps C(n) into itself; its unique fixed point is s (from qsq−1 = q one
gets sq−1 = e). The functional graph of D has, at s, an in-tree: the set basinn of n-cycles q with
D t(q) = s for some t ≥ 0, with dist(q) = min{t : D t(q) = s} and depth(n) = maxq∈basinn dist(q).
This note computes depth(n).

Theorem 1.1 (Main theorem). For a prime p and e ≥ 1,

depth(pe) =

{
p e−1, p odd,

2 e−1 − 1, p = 2,

*Provenance and status. The proof below was obtained by artificial-intelligence models (Anthropic’s Claude) in
interactive dialogue with the author, and reviewed module by module by OpenAI models (mostly GPT-5.5); every
intermediate claim was verified by exact finite computation over Fp (Appendix A). An end-to-end verification of the
assembled whole, and human peer review, remain to be done; the argument should be examined critically before
being relied upon. This companion accompanies [4].
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and for general n =
∏

p p
ep, depth(n) = maxp depth(p

ep). In particular depth(n) = 1 unless 8 | n
or p2 | n for some odd prime p.

The threshold “8 | n or p2 | n (odd p)” is exactly the Hull–Dobell criterion [1] for the existence
of a full-period non-translation affine map x 7→ ax+b on Z/n— the criterion underlying full-period
linear congruential generators [2] and single-cycle T -functions [3]. This is no coincidence: the affine
n-cycles occupy the top two layers of the in-tree, and D collapses the multiplier a to 1 in one step,
so the tree is deep precisely when non-translation affine cycles exist. The exact depth, and its
two-branch form, come from the finer arithmetic of carries in base p.

Method. An n-cycle near s is written in carry coordinates (§2): at level n = pe, over the base
d = pe−1, a cycle commuting with g = sd becomes a pair (base τ ∈ C(d), carry a ∈ (Z/p)d), and
D acts by an explicit affine cocycle a 7→ Lτa+ wτ (Lemma 2.3). Three structural facts then drive
the proof:
(a) the basin of s at level pk is exactly the group of triangular permutations for the binomial flag

φj =
( ·
j

)
— an iterated affine (wreath) tower whose p-part is the p-Sylow subgroup of Spk

(§3);
(b) on the root fibre the cocycle is the linear map I − S (S the shift), nilpotent of index d; the

distance of a cycle splits as base-distance plus the nilpotency height of its entering carry (§4),
reducing the depth to a linear-algebra statement (L2);

(c) (L2) holds because a transport chain of functionals is never obstructed before step d− 2 (the
obstruction law, §5), with a single “deviation” at the odd prime that is compensated by an
identity about rotation carries.

The Chinese Remainder Theorem reduces general n to prime powers (§6).

Reading guide and status. The paper is self-contained. Sections 2 (foundations) and 3 (the
flag tower) are elementary; §4 is the reduction, §5 its arithmetic core, §6 the multiplicative step.
Every proposition has been verified by exact computation over Fp on small prime powers; these
certificates are collected in Appendix A and are reproducible, but form no part of the proof. As
stated in the title footnote, the argument is machine-generated and has not been refereed; the
reader should treat it critically.

2 Carry coordinates, the cocycle, and the finite calculus

Throughout, p is a fixed prime. We use two consecutive levels of a p-power tower: a level m = pk

and its base c = pk−1 (k ≥ 1). Each x ∈ Z/m decomposes as x = µ(x) + c ℓ(x) with µ(x) =
x mod c ∈ {0, . . . , c− 1} and ℓ(x) = ⌊x/c⌋ ∈ {0, . . . , p− 1}.

2.1 Carry coordinates

Let g = s cm (the map x 7→ x+c on Z/m), of order p; its orbits are the fibres {r, r+c, . . . , r+(p−1)c},
r ∈ Z/c. Its centraliser in Sym(Z/m) is the wreath product Z/p ≀ Sc: an element commuting with
g permutes the fibres and translates inside each.

Proposition 2.1 (carry coordinates). Every θ ∈ Sym(Z/m) commuting with g is uniquely

θ(r + jc) = θ̄(r) +
(
(j + ar) mod p

)
c, r ∈ Z/c, j ∈ {0, . . . , p− 1}, (1)

with base θ̄ ∈ Sym(Z/c) and carry a ∈ (Z/p)c; equivalently µ ◦ θ = θ̄ ◦µ and ℓ(θ(x)) = ℓ(x) + aµ(x)
(mod p). The map θ 7→ (θ̄, a) is a bijection onto Sym(Z/c)× (Z/p)c.
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Proof. Commuting with g means permuting the fibres (giving θ̄ via µ ◦ θ = θ̄ ◦ µ) and commuting
with the Z/p-translation inside them, i.e. acting on the ℓ-coordinate by a shift ar depending only
on the source fibre r. Conversely any (θ̄, a) yields such a θ, and the constructions are inverse.

Proposition 2.2 (cyclicity criterion). θ = (θ̄, a) is a single m-cycle iff θ̄ ∈ C(c) and
∑

r∈Z/c ar ̸≡ 0
(mod p).

Proof. The projection µ semiconjugates θ to θ̄, so a single m-cycle projects to a single c-cycle.
Assume θ̄ ∈ C(c). Then θc fixes each fibre and acts there by the translation by T :=

∑
r ar

(accumulating the fibre increments once around the base c-cycle; the sum runs over all of Z/c,
independent of the starting fibre), so θc = gT on each fibre. Since θ̄ is a c-cycle, the θ-orbit of any
point projects onto all of Z/c, hence meets every fibre; so θ is a single m-cycle iff θc is a single
p-cycle on one fibre, i.e. iff T ̸≡ 0.

We write q = (τ, a), τ ∈ C(c), a = b(q) ∈ (Z/p)c for an m-cycle in these coordinates, and
F (k) = {q ∈ C(m) : q commutes with g} for the domain of (1) inside C(m).

2.2 The cocycle

Carries and functionals live in (Z/p)c = FZ/c
p ; ei denotes the i-th standard basis vector (indicator

of i ∈ Z/c), and all carry indices are read modulo c. Write Σa =
∑

r ar and ⟨χ, a⟩ =
∑

x χ(x)ax.

Lemma 2.3 (cocycle). For q = (τ, a) ∈ F (k), Dm(q) = (Dcτ, Lτa+ wτ ) where

(Lτa)r′ = au+1 − au (u = τ−1(r′), index u+ 1 mod c), wτ = eτ(c−1). (2)

Dually, for every φ : Z/c → Fp, ⟨φ, Lτa + wτ ⟩ = ⟨∆(φ ◦ τ), a⟩ + φ(τ(c − 1)), where (∆χ)(v) =
χ(v − 1)− χ(v). Consequently Σ(Lτa+ wτ ) = 1, ImLτ = {Σ = 0}, and kerLτ = Fp1.

Proof. Use the defining identity Dm(q)(q(x)) = q(x+1). Write y = q(x): then µ(y) = τ(µ(x)) and
ℓ(y) = ℓ(x) + aµ(x). On Z/m, µ(x + 1) = sc(µ(x)), so µ(Dm(q)(y)) = τ(sc(µ(x))) = Dcτ(µ(y)):
the base is Dcτ . For the carry, ℓ(q(z)) = ℓ(z) + aµ(z) and ℓ(x + 1) = ℓ(x) + [µ(x) = c − 1], so
with u = µ(x), r′ = µ(y) = τ(u), b(Dmq)r′ = ℓ(Dm(q)(y)) − ℓ(y) = au+1 − au + [u = c − 1],
i.e. (2) with wτ = eτ(c−1). For the dual form, put ψ = φ ◦ τ and change the summation index
from r′ to u = τ−1(r′):

∑
r′ φ(r

′)(au+1 − au) =
∑

u ψ(u)(au+1 − au); summing by parts (Abel)
around Z/c, with v = u + 1 (all indices mod c), this is

∑
v(ψ(v − 1) − ψ(v))av = ⟨∆ψ, a⟩; and

⟨φ, wτ ⟩ = φ(τ(c− 1)). The consequences: Σ(Lτa) = ⟨1, Lτa⟩ = ⟨∆(1 ◦ τ), a⟩ = 0 (as ∆1 = 0) and
Σwτ = 1; Lτ has corank 1 with kernel the constants (the only functions killed by a 7→ au+1 − au
around the c-cycle τ).

2.3 The binomial flag and the difference calculus

On Z/D (D ≥ 2 a power of p) set φj(x) =
(
x
j

)
mod p and Vh = spanFp

(φ0, . . . , φh−1); the flag-degree
deg V g of g ̸= 0 is the largest j with nonzero Newton coefficient, and its head is that coefficient.

Lemma 2.4 (difference and primitive). On Z/D: (i) for 1 ≤ j < D, ∆φj ≡ −φj−1 (mod Vj−1),
so ∆ lowers flag-degree by exactly one and Vh = ker∆h; dually the primitive raises it by one. (ii)
χ has a primitive Ψχ (with ∆Ψχ = χ, Ψχ(0) = 0, Ψχ(x) = −

∑x
u=1 χ(u)) iff Σχ = 0; for the

truncated primitive of a general χ, ∆Ψχ = χ− (Σχ) e0. (iii) 1 = ∆(−φ1).
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Proof. (i) Pascal gives φj(v− 1)−φj(v) = −
(
v−1
j−1

)
for 1 ≤ v ≤ D− 1, and again by Pascal

(
v−1
j−1

)
=(

v
j−1

)
−

(
v−1
j−2

)
≡ φj−1(v) (mod Vj−1); the wrap at v = 0 adds a multiple of

(
D
j

)
≡ 0 (0 < j < D,

Kummer). (ii) ∆Ψχ(v) = χ(v) for v ≥ 1, and at v = 0, ∆Ψχ(0) = Ψχ(D − 1) = χ(0) − Σχ.
(iii) ∆(−φ1)(v) = −((v − 1) − v) = 1 for v ≥ 1; at v = 0, φ1 takes its representative values
φ1(D− 1) = D− 1 and φ1(0) = 0 in {0, . . . , D− 1}, giving −((D− 1)− 0) = 1−D, which is ≡ 1 in
Fp since p | D. (Throughout, integer binomial values are reduced mod p only after these differences
are formed.)

Lemma 2.5 (Lucas, Vandermonde, Faulhaber). (i) (Lucas) φj(x) ≡
∏

i

(
xi
ji

)
(mod p) for base-p

digits. Hence on Z/m with base c, for j′ < c and 0 ≤ t < p,

φj′+tc(x) = φj′(µ(x))
(
ℓ(x)
t

)
, φj′(x) = φj′(µ(x)), φc = ℓ,

(
m
j

)
≡ 0 (0 < j < m).

(ii) (Vandermonde mod p)
(
a+b
t

)
≡

∑t
i=0

(
a
i

)(
b

t−i

)
for 0 ≤ t < p. (iii) (Faulhaber) for 0 ≤ t ≤ p− 2,

St(ℓ) =
∑

ℓ′<ℓ ℓ
′ t is a polynomial of degree t+ 1 and leading coefficient 1

t+1 ̸= 0 in Fp.

Proof. (i) Lucas, with the digits of j′ + tc being those of j′ (positions 0..k − 2) and t (position
k − 1); specialise. (ii) Ordinary Vandermonde is a polynomial identity in a, b, valid mod p for
t < p. (iii) St =

1
t+1(Bt+1(ℓ)−Bt+1(0)) (Bernoulli), degree t+ 1, leading coefficient 1

t+1 , a unit for
t+ 1 ≤ p− 1 < p.

3 The tower and the binomial-flag characterisation of the basin

We now describe basinpk (the basin of spk) exactly. Recall F (k) from §2, π : F (k) → C(c) the base

map π(q) = q̄ (which by Lemma 2.3 satisfies π ◦Dm = Dc ◦ π), and φj , Vh the flag on Z/pk. Call
τ ∈ Sym(Z/pk) triangular if its pullback g 7→ g ◦ τ preserves the flag, i.e. φj ◦ τ ∈ Vj+1 for all j.

Lemma 3.1 (the basin commutes with g). For n = pe, basinpe ⊆ F (e): every q in the basin of s
commutes with g = sd, d = pe−1.

Proof. F (e) = {q ∈ C(pe) : q normalises and centralises ⟨g⟩}; here, since q is a pe-cycle, q commutes
with g iff g ∈ ⟨q⟩. We show F (e) is closed under D-preimages; as s ∈ F (e) and the basin is generated
by backward steps from s, this gives the claim. SupposeD(q) ∈ F (e), i.e. g ∈ ⟨D(q)⟩ = q⟨s⟩q−1; then
q−1gq ∈ ⟨s⟩, an element of order p, so q−1gq ∈ ⟨g⟩ (the unique order-p subgroup of the cyclic ⟨s⟩).
Thus q normalises ⟨g⟩ ∼= Z/p, acting by some automorphism; the resulting map ⟨q⟩ → Aut(Z/p)
has image of order dividing gcd(pe, p− 1) = 1, so q centralises g, i.e. q ∈ F (e).

Lemma 3.2 (flag preliminaries). On Z/pk with c = pk−1: Vc = {functions of µ(x)} (dimension c,
triangular basis (φj′)j′<c), φc = ℓ, and Vc+1 = Vc ⊕ Fpℓ.

Proof. Lemma 2.5(i): the φj′ (j′ < c) depend only on µ and (Pascal-unitriangular) span all c
functions of µ; φc = ℓ; and Vc+1 = Vc + Fpφc.

Theorem 3.3 (tower). For k ≥ 2, basinpk = {(τ̄ , b) : τ̄ ∈ basinpk−1 , Σb ̸≡ 0}, and basinp =

{rotations sa : gcd(a, p) = 1}. Hence |basinpk | = (p− 1) p c−1|basinpk−1 | = (p− 1)k p (pk−1)/(p−1)−k.

Proof. basinp: the immediate (indeed only) predecessors of the fixed point s at prime level are the
p− 1 rotations sa (a ̸= 0), since D(sa) = s and any q with D(q) = s has qsq−1 = s, i.e. q ∈ ⟨s⟩.

(⊆) Let q ∈ basinpk . By Lemma 3.1, q ∈ F (k), so (1) applies and Σb(q) ̸≡ 0 (Proposition 2.2);
and π(q) ∈ basinpk−1 since π semiconjugates Dm to Dc (Lemma 2.3).
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(⊇) Let q = (τ̄ , b) with τ̄ ∈ basinpk−1 and Σb ̸≡ 0; then q ∈ C(pk). Let m′ = dist(τ̄). By

equivariance π(Dm′
m q) = Dm′

c τ̄ = sc, so D
m′
m q lies in the root fibre R = π−1(sc); and on R, D is a

nilpotent-affine map reaching s in finitely many further steps (Lemma 4.1 below, with ≤ c steps).
Hence q ∈ basinpk .

Cardinal: over each τ̄ the admissible carries number pc − pc−1 = (p − 1)pc−1; unroll from
|basinp| = p− 1 using

∑k
i=1 p

i−1 = (pk − 1)/(p− 1).

Theorem 3.4 (flag characterisation). For every k ≥ 1, basinpk = {τ ∈ C(pk) : τ triangular}.
Moreover the pullback by τ ∈ basinpk is unipotent on the flag: it fixes each quotient Vh+1/Vh ∼= Fp

up to a nonzero scalar.

Proof. Induction on k. k = 1: on Z/p, Vh = {polynomials of degree < h}, so triangular ⇔
φ1 ◦ τ = τ affine; an affine p-cycle has a = 1 (no fixed point), a rotation; and basinp = {rotations}
(Theorem 3.3).

(⊆) (montée). Let τ ∈ basinpk ; by Theorem 3.3, τ = (τ̄ , b) with τ̄ ∈ basinpk−1 triangular
(induction). Fix j = j′ + tc, j′ < c, t < p. By Lemma 2.5(i), φj = (φj′ ◦ µ) · (

(·
t

)
◦ ℓ); using

µ ◦ τ = τ̄ ◦ µ and ℓ ◦ τ = ℓ+ b ◦ µ, and Vandermonde (Lemma 2.5(ii)),

φj ◦ τ =

t∑
i=0

[
(φj′ ◦ τ̄) ·

(
b

t−i

)]
(µ) ·

(
ℓ
i

)
.

A summand g(µ)
(
ℓ
i

)
(g on Z/c) has flag-degree deg V g + ic (expand g and use Lemma 2.5(i)). For

i < t: ≤ (c− 1) + (t− 1)c = tc− 1 < j + 1, whatever τ̄ . For i = t:
(
b
0

)
= 1 and deg V (φj′ ◦ τ̄) ≤ j′

(induction), so ≤ j′ + tc = j. Hence φj ◦ τ ∈ Vj+1.
(⊇) (descente). Let τ ∈ C(pk) be triangular. It preserves Vc = {functions of µ} (Lemma 3.2),

so µ ◦ τ depends only on µ: there is τ̄ ∈ Sym(Z/c) with µ ◦ τ = τ̄ ◦ µ, a bijection (it permutes the
fibres), transitive (quotient of ⟨τ⟩) hence a c-cycle, and triangular at level c (restrict the pullback
to Vc); by induction τ̄ ∈ basinpk−1 . Next φc = ℓ and φc ◦ τ ∈ Vc+1 = Vc⊕Fpℓ give ℓ◦ τ = A◦µ+λ ℓ
with A : Z/c → Fp and a scalar λ. Then ℓ(τ(x + c)) = A(µ(x)) + λ(ℓ(x) + 1) = ℓ(τ(x)) + λ while
µ(τ(x + c)) = µ(τ(x)), i.e. τ(x + c) = τ(x) + λc, so τg = gλτ with g = (x 7→ x + c) of order p.
If λ = 0, τ is not injective; so λ ∈ F×

p and τ normalises ⟨g⟩, acting by λ ∈ Aut(Z/p); the map

⟨τ⟩ → F×
p has image of order dividing gcd(pk, p − 1) = 1, so λ = 1. Then τ ∈ F (k) with carry

b(τ) = A, and ΣA ̸≡ 0 (cyclicity); with τ̄ ∈ basinpk−1 , Theorem 3.3 gives τ ∈ basinpk .
Unipotence. The pullback by a triangular τ is a flag-preserving linear automorphism, upper

triangular in a flag-adapted basis; its diagonal entries λh are units (invertibility). Its inverse
(pullback by τ−1) is again flag-preserving, so τ−1 is triangular — the triangular permutations form
a group.

Corollary 3.5 (triangular group; carry inversion). The triangular permutations of Z/pk form a
group Tk, the iterated affine tower (τ 7→ τ̄ with τ̄ ∈ Tk−1, ℓ ◦ τ = A ◦ µ+ λℓ, A free, λ ∈ F×

p ), with

|Tk| = (p − 1)kp(p
k−1)/(p−1) (p-part = |Sylp(Spk)|); exactly a fraction 1/pk of them are pk-cycles,

whence |basinpk | = |Tk|/pk (Theorem 3.3). Moreover, for τ ∈ basinpk , ℓ ◦ τ−1 = ℓ + βτ ◦ µ with
βτ = − b(τ) ◦ τ̄−1 and µ ◦ τ−1 = τ̄−1 ◦ µ.

Proof. The tower description is the descente of Theorem 3.4 without cyclicity; the count is im-
mediate, and comparison with |basinpk | (Theorem 3.3) gives the ratio p−k. Inversion: from
ℓ(τ(x)) = ℓ(x)+b(τ)µ(x) set y = τ(x) to get ℓ(τ−1y) = ℓ(y)−b(τ)τ̄−1(µ(y)); and µ◦τ−1 = τ̄−1◦µ.

5



4 The root fibre, and the reduction to a linear-algebra statement

From here we fix the level n = pe (e ≥ 2), base d = pe−1, sub-base c = pe−2; carries live in (Z/p)d,
functionals on Z/d. For τ ∈ basind, m = dist(τ) and the base path is τ = τ0 → · · · → τm = sd.
The root fibre is R = π−1(sd). For q = (τ, a) the forward carries are a0 = a, ai+1 = Lτiai+wτi ; the
affine composite over the m steps is Φτ (a) =Mτa+ vτ , Mτ = Lτm−1 · · ·Lτ0 , and

Sol(τ) = {a : Φτ (a) = ed−1} = {a : Dm
n (τ, a) = s}.

Write S for the shift (Sa)r = ar−1 and N = I − S, and ρ = d (p odd), d− 1 (p = 2).

Lemma 4.1 (root fibre is linear; lower bound). On R the cocycle is the affine map a 7→ Na + e0
with unique fixed point ed−1; in the recentred coordinate â = a− ed−1 it is â 7→ Nâ. N is nilpotent
of index d (a single Jordan block), ImNh = {v : ⟨φj , v⟩ = 0, j < h}, and a vector of ImNh has
N -height ≤ d− h. Consequently, for q with base τ at distance m,

dist(q) = m+ height
(
Φτ (a)− ed−1

)
. (3)

Finally depth(pe) ≥ ρ: the root fibre contains an admissible carry of height exactly ρ.

Proof. For τ = sd: (Lsda)r′ = ar′ − ar′−1 = (Na)r′ and wsd = esd(d−1) = e0 (Lemma 2.3). The
fixed point solves Na + e0 = a, i.e. Sa = e0, a = ed−1; and N(a − ed−1) = Na − (ed−1 − e0) =
(Na + e0) − ed−1, so â 7→ Nâ. Over Fp, S

d = I and Xd − 1 = (X − 1)d (d a p-power), so N is
nilpotent of index d, one Jordan block. Since ∆ lowers flag-degree by exactly one and Vh = ker∆h

(Lemma 2.4), the same holds for N (they share the flag), giving ImNh = {v : ⟨φj , v⟩ = 0, j < h}
(dimension d − h) and the height bound. (3) follows because Dm(q) ∈ R has recentred carry
Φτ (a) − ed−1, on which D acts by N . Lower bound: take â of maximal height. For p odd,
admissible carries (those with Σa ̸= 0, a = â + ed−1) include a full-height vector (N has a cyclic
vector; height d = ρ). For p = 2 the admissibility constraint forbids the very top height d but
allows d− 1 = ρ (e.g. â = (1, 1, 0, . . . , 0)). Either way depth ≥ m+ ρ−m is realised at a base point
of distance meeting the bound; explicitly the root-fibre chain from such â has length ρ.

4.1 The adjoint, the rank, and rigidity

Lemma 4.2 (adjoint). L∗
τφ = ∆(φ ◦ τ); and for τ ∈ basind, deg V L

∗
τφ ≤ deg V φ− 1.

Proof. The dual cocycle (Lemma 2.3) minus the constant ⟨φ, wτ ⟩ = φ(τ(d − 1)) gives ⟨φ, Lτa⟩ =
⟨∆(φ ◦ τ), a⟩. For τ ∈ basind, (F) (Theorem 3.4) gives deg V (φ ◦ τ) ≤ deg V φ, and ∆ lowers
flag-degree by one (Lemma 2.4).

Proposition 4.3 (rank, image, rigidity). rankMτ = d−m, ImMτ = ImNm, ImM∗
τ = Vd−m. As

m ≤ depth(d) < d, we have 1 = φ0 ∈ Vd−m = (kerMτ )
⊥, so Σ|kerMτ = 0: Σ is constant on Sol(τ)

whenever nonempty ( rigidity).

Proof. M∗
τ = L∗

τ0 · · ·L
∗
τm−1

composes m maps each lowering flag-degree by ≥ 1 (Lemma 4.2), so
deg VM

∗
τ φj ≤ j −m; thus M∗

τ φj = 0 for j < m and ⟨φj , Mτa⟩ = 0 for all a, i.e. ImMτ ⊆ ImNm

(dimension d − m). Each Lτi has corank 1 (Lemma 2.3), so rankMτ ≥ d − m; equality follows,
and ImMτ = ImNm. Dually ImM∗

τ has dimension d −m and lies in Vd−m by the degree bound,
so equals it. Finally φ0 ∈ Vd−m = (kerMτ )

⊥ (as m < d), so Σ kills kerMτ and is constant on the
coset Sol(τ).
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4.2 Transport and the closed form

Lemma 4.4 (transport). Set χ0 = τ−1
0 and, when χi is zero-mean, χi+1 = Ψχi ◦ τ−1

i+1. Then
⟨χi, ai+1⟩ = ⟨χi+1, ai+2⟩ −Ψχi(d− 1).

Proof. Apply the dual cocycle at step i+1 with φ = Ψχi ◦τ−1
i+1 (so φ◦τi+1 = Ψχi , ∆(φ◦τi+1) = χi):

⟨φ, ai+2⟩ = ⟨χi, ai+1⟩+Ψχi(d− 1).

Proposition 4.5 (closed form). If χ0, . . . , χm−2 are all zero-mean, the constant value of Σ on
Sol(τ) (Proposition 4.3) is

V (τ) = −χm−1(d− 1) +
m−2∑
i=0

Ψχi(d− 1)− 1. (4)

Proof. Iterate Lemma 4.4 from Σa = −⟨χ0, a1⟩ − 1 (Lemma 2.4(iii) and the dual cocycle with
φ = −φ1 ◦ τ−1

0 ); for a ∈ Sol(τ), am = ed−1, so ⟨χm−1, am⟩ = χm−1(d− 1).

4.3 Geometrisation, and the reduction theorem

Definition 4.6. (L2) holds at τ if ⟨φj , Φτ (a)− ed−1⟩ = 0 for all admissible a and all j < m; and,
for p = 2, the same holds at j = m for those admissible a with Σa = 1.

Proposition 4.7 (geometrisation). (L2) at τ ⇔ Sol(τ) ̸= ∅ (and, for p = 2, with a representative
of sum 1).

Proof. The linear part a 7→ ⟨φj , Mτa⟩ vanishes for j < m since φj ⊥ ImMτ = ImNm (Proposi-
tion 4.3). So (L2) (j < m) is the constant condition ⟨φj , vτ − ed−1⟩ = 0, i.e. ed−1 − vτ ∈ ImNm =
ImMτ , i.e. Mτa = ed−1−vτ solvable, i.e. Sol(τ) ̸= ∅. For p = 2 the level j = m says the (constant,
by rigidity) value of Σ on Sol(τ) is 1.

Theorem 4.8 (reduction). If (L2) holds at every τ ∈ basind, then depth(pe) = ρ.

Proof. For q = (τ, a) with base distance m: by (L2), ⟨φj , Φτ (a)−ed−1⟩ = 0 for j < m (and j = m if
p = 2, as Σa = 1), so Φτ (a)−ed−1 ∈ ImNm (resp. ImNm+1), of height ≤ d−m (resp. ≤ d−1−m)
(Lemma 4.1). By (3), dist(q) ≤ d = ρ (p odd), resp. ≤ d − 1 = ρ (p = 2). With the lower bound
(Lemma 4.1), equality.

4.4 From the master identity to (L2)

Corollary 4.9 (non-leaf carries sum to 1). If τ = Dd(σ) for some σ ∈ basind, then Σb(τ) = 1.

Proof. b(τ) = Lσb(σ) + wσ is a cocycle image (Lemma 2.3).

Call MI the statement: for every τ ∈ basind the transport chain is non-obstructed and V (τ) =
Σb(τ) (established in §5).

Theorem 4.10 (tree lemma). MI implies Sol(τ) ̸= ∅ for all τ ∈ basind; hence (L2) everywhere
and depth(pe) = ρ.

Proof. Induction on m = dist(τ), with invariant Sol(τ) ̸= ∅ and Σ ≡ Σb(τ) on Sol(τ) (recall
Σb(τ) ̸= 0, cyclicity). Base m = 0: Sol(sd) = {ed−1}, Σed−1 = 1 = Σb(sd). Let m ≥ 1, τ1 = Ddτ ;
put P = {a : Lτa+ wτ ∈ Sol(τ1)}.
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(a) P ̸= ∅: the affine step is onto {Σ = 1} (Lemma 2.3), and Sol(τ1) ⊆ {Σ = 1} since τ1 is
non-leaf, so Σb(τ1) = 1 (Corollary 4.9) and (induction) Σ ≡ 1 on Sol(τ1).

(b) Σ ≡ Σb(τ) on P : for a ∈ P , am = ed−1, so Proposition 4.5 (chain non-obstructed by MI)
gives Σa = V (τ) = Σb(τ) (by MI).

(c) Admissibility: Σb(τ) ̸= 0, so every a ∈ P has Σa ̸= 0, hence (τ, a) ∈ C(n) and a ∈ Sol(τ).
Thus Sol(τ) = P ̸= ∅.

Then (L2) everywhere (Proposition 4.7; for p = 2, Σb(τ) ̸= 0 in F2 is Σ ≡ 1), and Theorem 4.8
concludes.

By Theorem 4.10 it remains to prove MI: the transport chain is non-obstructed on basind, and
V (τ) = Σb(τ). This is the content of §5.

5 The obstruction law and the compensation

The transport chain χ0 = τ−1
0 , χi+1 = Ψχi ◦ τ−1

i+1 is defined as long as the χi are zero-mean; call
Ob(τ) = min{i : Σχi ̸= 0} (extending the base path stationarily at sd), and Ob(d) = minτ Ob(τ).

5.1 The graded module

Decompose each χ : Z/d → Fp as χ(x) =
∑p−1

j=0 fj(µ(x)) ℓ(x)
j with fj : Z/c → Fp (Vandermonde

on the p values of ℓ); write degℓ χ = max{j : fj ̸= 0} and Aj =
∑

r fj(r).

Lemma 5.1 (graded calculus). (i) ΣZ/dχ = −Ap−1 (the mean sees only the top ℓ-degree). (ii)
If degℓ χ = j ≤ p − 2 with top component fj, the primitive Ψχ has ℓ j+1-component κjAj1 with
κj = − 1

j+1 ̸= 0; and, when Aj = 0 (equivalently deg V fj ≤ c − 2, since Aj = head of fj times

[deg V fj = c − 1] by Lucas), the ℓ j-component is the truncated r-primitive of fj, of flag-degree
deg V fj + 1 ≤ c− 1 with head equal to that of fj, plus strictly lower flag-degree. (iii) Composition
by τ−1 (τ ∈ basind) maps ℓ-degree j to ≤ j (strictly lower only for the below-top parts), acting
on the top component by the flag-preserving pullback fj 7→ fj ◦ τ̄−1 (head times a nonzero scalar,
Theorem 3.4).

Proof. (i) Σχ =
∑

j Aj
∑

ℓ ℓ
j ;

∑p−1
ℓ=0 ℓ

j ≡ 0 for 0 ≤ j ≤ p − 2 and ≡ −1 for j = p − 1. (ii)

Split Ψχ(r + cℓ) = −
∑

ℓ′<ℓ(
∑

r′
∑

t ft(r
′)ℓ′ t) −

∑
r′≤r

∑
t ft(r

′)ℓ t; the first sum is −
∑

tAtSt(ℓ)

(Faulhaber), top part t = j contributing ℓ j+1-coefficient − 1
j+1Aj ; when Aj = 0 the ℓ j-part is

the r-primitive of fj (head climbs one flag-degree, Lemma 2.4), the remaining Faulhaber terms
being constants in r at lower ℓ-degree. (iii) ℓ ◦ τ−1 = ℓ + βτ ◦ µ (Corollary 3.5) gives ℓ j ◦ τ−1 =∑

i≤j

(
j
i

)
(βτ ◦ µ)j−iℓ i, of ℓ-degree ≤ j with top coefficient 1; and fj(µ) ◦ τ−1 = (fj ◦ τ̄−1)(µ).

5.2 The obstruction law

Theorem 5.2 (obstruction law). For every prime power d = pk and every τ ∈ basind, Ob(τ) =
d−2; in particular the chain is non-obstructed for all steps < d−2, hence (as dist(τ) ≤ depth(d) <
d− 1) for all steps up to dist(τ)− 2.

Proof. Induction on k. k = 1 (d = p, c = 1): χ0 = s−B
p is an affine (degree-1) function of ℓ = x;

each primitive raises the polynomial degree by one (Lemma 5.1(ii), c = 1) and composition by a
rotation preserves degrees, so degℓ χi = i + 1; by (i) the chain is zero-mean until the top degree
reaches p− 1, first obstructed at i = p− 2 = d− 2.
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Heredity (d = pc): we track the graded decomposition. No upward pollution: by
Lemma 5.1(ii,iii), composition never raises ℓ-degree and the primitive raises the top ℓ t to
ℓ t+1 only when At ̸= 0; a component of degree t < j thus reaches at most t+1 ≤ j < j+1, so only
the current top degree j, and only when Aj ̸= 0, seeds j+1. Stage 0: while f1 = · · · = fp−1 = 0, f0
is the sub-level chain (pullback), whose mean A0 = Σcf0 first becomes nonzero at i = Ob(c) = c−2
(induction); this seeds degree 1, first present at step t1 = c − 1. Stage j (1 ≤ j ≤ p − 1): once
seeded (top component fj with head φ0), while Aj = 0 the head climbs the Z/c flag by one per
step (Lemma 5.1(ii,iii)), staying nonzero; by Lucas

∑
r φh = [h = c− 1 ], so Aj vanishes until the

head reaches φc−1, at s = c− 1 steps, i.e. step tj + c− 1, where it seeds j+1 (if j ≤ p− 2, κj ̸= 0):
tj+1 = tj + c. Count: t1 = c − 1, tj+1 = tj + c, so the mean −Ap−1 (i) first becomes nonzero at
tp−1 + (c− 1) = (c− 1) + (p− 2)c+ (c− 1) = pc− 2 = d− 2.

In particular MI’s non-obstruction clause holds: for τ ∈ basind, dist(τ)−2 < depth(d) ≤ d−2 =
Ob(d), so χ0, . . . , χdist(τ)−2 are zero-mean and V (τ) is defined (Proposition 4.5).

5.3 V (τ) = Σb(τ)

We compute Σb(τ) by the level-c transport applied to the carry sequence, and compare to V (τ).

Theorem 5.3 (master identity). V (τ) = Σb(τ) for every τ ∈ basind.

Proof. Let χ̄i be the sub-level chain on Z/c (from the projected base path τ̄i), and β
(i) = b(τi) the

carries of the base path, evolving by the level-c cocycle β(i+1) = Lτ̄iβ
(i) + wτ̄i with β

(m) = b(sd) =
ec−1. Set Gi = ⟨χ̄i, β

(i+1)⟩; the level-c analogue of Σa = −⟨χ0, a1⟩ − 1 gives Σb(τ) = −G0 − 1.
Non-deviated case (m < c, or generally while the sub-level chain is zero-mean). By Theorem 5.2

at level c, the sub-level chain is non-obstructed for i ≤ m− 2 iff m− 2 < Ob(c) = c− 2, i.e. m < c.
Then each transport step is clean, Gi = Gi+1−Ψ̄χ̄i(c−1), and Σb(τ) = −χ̄m−1(c−1)+

∑m−2
i=0 Ψ̄χ̄i(c−

1)− 1 = V̄ . Meanwhile the level-d chain is the pullback χi = χ̄i ◦µ (the primitive of a zero-c-mean
pullback is a pullback, Lemma 5.1(ii) with A = 0; composition preserves pullbacks, Corollary 3.5),
so evaluating (4) with µ(d− 1) = c− 1 gives V (τ) = V̄ . Hence V (τ) = Σb(τ).

Deviated case (m = c). Now dist(τ) = m = depth(d), and the sub-level chain is obstructed at
exactly the last sollicited step i = c − 2 (Ob(c) = c − 2), with T := Σcχ̄c−2 ̸= 0. For i ≤ c − 3
the pullback persists; at i = c − 2, the primitive of the mean-T pullback carries a deviation:
Ψχc−2 = Ψ̄χ̄c−2 ◦µ−Tℓ (from Ψg◦µ(r+cℓ) = Ψ̄g(r)−(Σcg)ℓ). Composing with τ−1

c−1 (Corollary 3.5),
χc−1 = χ̄c−1 ◦µ−Tℓ−T (βc−1 ◦µ). In (4) (using ℓ(d− 1) = p− 1) the two ±T (p− 1) terms cancel,
leaving

V (τ) = V̄ + T βc−1(c− 1), V̄ := −χ̄c−1(c− 1) +
∑c−2

i=0 Ψ̄χ̄i(c− 1)− 1. (5)

On the Σb side, the level-c telescope is clean for i ≤ c − 3, and at i = c − 2 the raw transfer with
the mass jump ∆Ψ̄χ̄c−2 = χ̄c−2 − Te0 (Lemma 2.4(ii)) gives, with φ = Ψ̄χ̄c−2 ◦ τ̄−1

c−1,

Gc−2 =
[
χ̄c−1(c− 1)− Ψ̄χ̄c−2(c− 1)

]
+ T β

(c−1)
0 ,

the extra +Tβ
(c−1)
0 = +T b(τc−1)0 being the mass-jump term evaluated against β(c−1). Telescoping

the clean steps into Σb(τ) = −G0 − 1,

Σb(τ) = V̄ − T b(τc−1)0. (6)

Comparing (5), (6), MI is equivalent to βc−1(c− 1) = −b(τc−1)0. Now τc−1 is a rotation sBd (base-
distance 1); its sub-base carry is b(sBd )r = ⌊((r +B) mod d)/c⌋, so b0 = B1 (writing B = B̄ +B1c,
1 ≤ B̄ < c), while by ℓ ◦ τ−1 = ℓ + β ◦ µ (Corollary 3.5) a direct evaluation gives βc−1(c − 1) =
−B1 = −b0. Hence V (τ) = Σb(τ) in all cases.
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Corollary 5.4 (prime-power depth). depth(pe) = ρ: p e−1 for p odd, 2 e−1 − 1 for p = 2.

Proof. By Theorems 5.2 (non-obstruction) and 5.3, MI holds; Theorem 4.10 gives depth(pe) = ρ.
(Base cases e ≤ 2, where c = pe−2 ≤ 1 is degenerate, are direct: depth(p) = 1 for p odd, depth(2) =
0, depth(p2) = p resp. depth(4) = 1, from Theorem 3.3 and the root fibre.)

6 General n via the Chinese Remainder Theorem

Let n = n1n2 with gcd(n1, n2) = 1. The isomorphism Z/n ∼= Z/n1 × Z/n2 (x 7→ (x mod n1, x mod
n2)) carries sn to (sn1 , sn2); we identify the two, write points (x1, x2), and call a permutation a
product q1 × q2 if it acts coordinatewise.

Lemma 6.1. (i) q1×q2 ∈ C(n) iff qi ∈ C(ni); (ii) Dn(q1×q2) = Dn1(q1)×Dn2(q2); (iii) if q ∈ C(n)
and Dn(q) is a product, then q is a product.

Proof. (i) The orbit of (x1, x2) has size lcm(ℓ1, ℓ2), = n = lcm(n1, n2) for all points iff each qi is a
full cycle. (ii) sn = sn1 × sn2 and products conjugate coordinatewise. (iii) Let t = Dn(q) = t1 × t2
(ti ∈ C(ni)). Then g := sn1

n advances only the second coordinate by n1 (invertible mod n2), so ⟨g⟩
has the rows {a} × Z/n2 as orbits; and tn1 = q g q−1 (as t = qsq−1) while tn1 = id × tn1

2 (since
t1 has order n1, and tn1

2 is a full n2-cycle) also has the rows as orbits. Conjugation transports
orbits, so q(rows) = rows: q maps each row Ra onto a single row, hence the first coordinate of q(x)
depends only on x1. Symmetrically (with sn2

n and the columns) the second depends only on x2; so
q is a product.

Theorem 6.2 (multiplicativity). For coprime n1, n2, basinn = {q1 × q2 : qi ∈ basinni}
and dist(q1 × q2) = max(distq1,distq2). Hence |basinn| = |basinn1 ||basinn2 | and depth(n) =
max(depthn1,depthn2).

Proof. (⊇) By Lemma 6.1(ii), D k
n (q1 × q2) = D k

n1
(q1)×D k

n2
(q2) = sn iff k ≥ distq1 and k ≥ distq2.

(⊆) For q ∈ basinn with D t
n(q) = sn (a product), backward induction with Lemma 6.1(iii) makes

q, . . . , D t
n(q) all products; q = q1×q2 with qi ∈ C(ni), and projectingD t

n(q) = sn givesD t
ni
(qi) = sni ,

so qi ∈ basinni . The consequences are immediate.

Proof of Theorem 1.1. Corollary 5.4 gives depth(pe); iterating Theorem 6.2 over the coprime
prime-power factors of n gives depth(n) = maxp depth(p

ep). The threshold statement is the obser-
vation that depth(pe) ≥ 2 iff 8 | pe (i.e. p = 2, e ≥ 3) or p2 | pe with p odd (i.e. p odd, e ≥ 2).

7 Remarks

The Hull–Dobell threshold, exactly. depth(n) ≥ 2 iff 8 | n or p2 | n for an odd prime —
verbatim the Hull–Dobell condition for a full-period non-translation affine map on Z/n. The affine
n-cycles x 7→ ax+ b occupy the top two layers of the in-tree (D sends such a map to sa, then to s),
and are full cycles exactly under Hull–Dobell; the tree is deep precisely when non-translation ones
exist. Note this is not the squarefree threshold: at n = 12 (and n = 4) the class is non-squarefree
yet the tree is shallow (depth = 1), because 4 ∥ n without 8 | n.
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What the structure is. The proof identifies the local dynamics of D at s with base-p carry
propagation. The basin basinpk is the group of flag-triangular cycles — an iterated affine tower
whose p-part is Sylp(Spk) (Corollary 3.5); the depth is the nilpotency index of the difference operator
I − S; and the two-branch answer pe−1 vs 2e−1 − 1 is the single-carry discrepancy of Lemma 4.1
(the admissibility constraint forbids the very top height only at p = 2). The recurring classical
inputs — Hull–Dobell (full-period LCG), Lucas and Kummer (carries), Faulhaber — are all facets
of the same base-p arithmetic.

Formalisation. All of §§2–6 is finite linear algebra over Fp together with elementary group the-
ory; it is a natural candidate for a proof assistant. A Lean formalisation of the cocycle, the flag
characterisation, and the obstruction law would settle the remaining status question definitively.

A Computer verification

Every statement was checked by exact computation over Fp (Python), exhaustively at the levels
indicated; these are falsification attempts and reproducibility aids, not part of the proof. Selected
certificates:

� Cocycle and carry coordinates (Lemmas 2.3, Props. 2.1, 2.2): bijection, cyclicity, wτ = eτ(c−1),
dual form: 0 exceptions at (p, c) = (2, 4), (3, 3), (2, 2).

� Flag characterisation (Theorem 3.4): basinpk = {triangular cycles} as sets at pk = 4, 8, 9;

inclusion on all 484,440 elements of the basins of C(16), C(25), C(27); basin ⊆ F (k) and the
descente identities (ℓ ◦ τ = A ◦ µ+ ℓ, λ = 1, A = b(τ); ℓ ◦ τ−1 = ℓ− b ◦ τ̄−1): 0 exceptions at
pk = 8, 9, 25, 27.

� Root fibre, rank, rigidity (Lemmas 4.1, 4.2, Prop. 4.3): D|R = N recentred, ImNh = moment
kernel, L∗

τ = ∆(· ◦ τ), rankMτ = d −m, Σ|kerMτ = 0: 0 exceptions at n = 8, 16, 27. Lower
bound: root fibre reaches height ρ at n up to 25 = 32.

� Geometrisation (Prop. 4.7) and tree lemma (Theorem 4.10): Sol(τ) ̸= ∅ ⇔ moments vanish,
and Sol(τ) ̸= ∅ for all τ ∈ basind: 0 exceptions at n = 8, 16, 27; independent certificate
depth(81) = 27 on 3661 base points of basin27 (all distances), via the closed-form cocycle
only.

� Obstruction law (Theorem 5.2): first obstruction at step d − 2, uniformly: p = 2: at d =
4, 8, 16; p = 3: d = 9, 27; p = 5: d = 25, 125; p = 7: d = 49; p = 11: d = 121 — all at the
exact step, over all/thousands of base points.

� Master identity (Theorem 5.3): the graded rules, the mass jump, the carry telescope, and
V (τ) = Σb(τ): 0 violations on all 18 deviated paths at n = 27 and on 400-path samples at
n = 81 (p = 3) and n = 125 (p = 5).

� Exhaustive depth: depth(pe) = ρ confirmed by full backward search for all prime powers ≤ 27
and for n = 49 (|basin| = 4,235,364 = 36 · 76), and depth(25) = 15 via the root fibre.

� CRT (Theorem 6.2): products, backward closure, dist = max, multiplicativity: 0 ex-
ceptions at n = 6, 12, 15; and |basinn|, depth(n) against exhaustive values at n =
18, 24, 36, 40, 45, 48, 50, 54, 72, 100.
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